Network equilibrium models arise in applied contexts as varied as urban transportation, energy distribution, spatially separated economic markets, electrical networks, and water resource planning.
The advent of robust theories for constrained optimization has precipitated an attractive and common approach for studying network equilibrium problems, namely to view the equilibrium model as the Lagrange multiplier conditions or, more generally, the Karush-Kuhn-Tucker optimality conditions of well-conceived auxiliary optimization problems. For example, minimize power loss instead of finding an equilibrium on an electrical network directly. Making this association permits the powerful and flexible solution techniques of constrained optimization to be used to compute an equilibrium and, moreover, permits optimization theory to serve as the methodology base to study questions such as existence and uniqueness of equilibrium solutions. On the other hand, the equivalent optimization approach limits the richness of equilibrium modeling by restricting the problem assumptions to those for which the equilibrium conditions can be interpreted as optimality conditions for an associated optimization problem.
In this paper, we study a class of network equilibrium problems with no known equivalent optimization problem. Although the approach that we take might apply to a variety of different network equilibrium applications, we restrict our discussion to transportation planning. In the next section, we propose a general model for network After stating this model and discussing some of its applications -3- and specializations, we show that only very mild restrictions need be imposed upon the problem data, restrictions that we would expect to be met almost always in practice, to insure that an equilibrium solution exists. We also establish conditions that will insure that an equilibrium solution is unique. To establish these results, we formulate the equilibrium model as an equivalent nonlinear complementarity problem. Then we use Brouwer's fixed-point theorem to establish existence and nonlinear complementarity results to establish uniqueness.
Background
The genesis of transportation equilibrium modeling was a behavioral assumption, known as Wardrop's user traffic equilibrium law, first proposed in 1952 by the traffic engineer J. G. Wardrop [52] , namely "At equilibrium, for each origin-destination pair the travel times on all the routes actually used are equal, and less than the travel times on all non-used routes."
This principle has spawned a great deal of research by transportation engineers, economists, and operations researchers aimed at enhancing the scope and realism of Wardrop's model, at developing algorithms to compute an equilibrium, and at applying the equilibrium model in practice to predict traffic flow patterns. Modeling efforts and methodological advancements have evolved to the point that one version of the equilibrium model now forms part of the Urban Mass Transit Authority's transportation planning system [51] .
Since 1952, a large number of algorithms have been developed for the traffic assignment problem. Most of the earlier techniques were heuristics and usually did not consider congestion effects or any formal concept of an equilibrium ( [39] , [40] , [53] , [19] ). The goal of these approaches was to assign flow between different paths so that the paths have almost equal travel time. The next generation of heuristics, as embodied by the "capacity restrained" technique ( [12] , [28] , [29] , [48] ), attempted to account for capacity of the system. Later techniques ([301, [38] , [39] ) loaded the system incrementally, attempting to approximate an equilibrium solution. [34, 35] , Nguyen [41] [42] [43] [44] [45] , Golden [26] , and Florian and Nguyen [23] [24] [25] ).
There are a number of ways to enrich the modeling assumptions ( Some attempts have been made to generalize the equivalent optimization approach to traffic equilibrium to incorporate these modeling extensions. Dafermos [13, 151 has considered multiple classes of users and Florian [22] and Abdulaal and Leblanc [4] have considered the multimodal problem. In addition, the equivalent optimization problem has been used to prove existence and uniqueness of an equilibrium for certain specializations of the general model (Dafermos [13, 15] , Florian and Nguyen [23] and Steenbrink [49] ). Nevertheless, the optimization based approach is limited since the assumptions required to insure an equivalent convex optimization problem are generally too severe to be applicable in practice for modeling the type of extensions to assumptions (1)- (3) suggested above. The approach adopted in this paper originates with Aashtiani [1] who formulated an extended equilibrium model and studied existence of a solution by viewing the model as a nonlinear complementarity problem. In [2] he elaborates on this approach and proposes a computational scheme for solving for an extended equilibrium.
Independently, Kuhn [27] devised a fixed point method, equipped with a special pivoting scheme, to solve equilibrium problems with fixed demands and with separable link delay functions. Asmuth [6] has proposed an additive model similar to the one discussed in this paper that includes point-to-set delay functions and demand functions. He has also studied existence and uniqueness, existence being a consequence of a constructive fixed point algorithm. The proof of existence given in this paper, which is adopted from Aashtiani and Magnanti [3] , is shorter than these earlier proofs and relies on the classical fixed point theorem of Brouwer.
In related developments, Dafermos [14, 15] , by assuming differentiability and strong monotonicity of the link delay function, has recently used the theory of variational equalities to establish the existence of a traffic equilibrium and to devise an algorithm for computing an equilibrium. Ahn [5] has used similiar methods to study equilibrium for spatially separated markets arising in energy planning.
Recently, Braess and Koch [10] and Smith [47] have used a proof different than that given in this paper, but also based upon Brouwer's fixed point theorem, to establish existence of an equilibrium for a special version of the model that we study here; they assume that the demand is fixed independent of the network congestion and that the cost on any path is the sum of costs on arcs in that path. Braess and
Koch also impose a monotonicity assumption on the arc costs. or between streets at an intersection. The model is formulated as: We also let P = u{Pi : i I} denote the set of all "available" paths in the network and assume that the network is strongly connected, i.e.,
for any O-D pair iI there is at least one path joining the origin to the destination; i.e., IPil > 1.
The first two equations in ( where d is the total number of trips generated at origin p to be sent P to the destinations q', and rq, is an index of attraction for destination q'.
Equivalent Non-linear Complementarity Problem
Let F(x) = (Fl(x), . . ., F (x)) be a vector valued function from an n-dimensional space R n into itself. The well-known nonlinear complementarity problem of mathematical programming is to find a vector x that satisfies the following system:
This problem has wide ranging applications. Karamardian [31, 32] illustrates several examples. For instance, the primal-dual optimality conditions of linear and quadratic programming and the Kuhn-Tucker conditions for certain other nonlinear programming problems can be cast in this form.
In this section we show that the traffic equilibrium problem (3.1)
can be formulated as a complementarity problem. By definition, equations (3.1a), (3.lb), and (3.1d) are complementary in nature. To show that the remaining equations can be expressed in a complementarity form requires some mild assumptions that we would expect to be met always in practice. 
PROOF:
In light of our comment preceding the proposition, it is sufficient to show that any solution to (4.2) is a solution to (3.1).
Suppose to the contrary that there is an x = (h,u) satisfying (4. Notice that we have suppressed explicit dependence of the arc delay functions t(h) on the origin-destination pair i since the generality of the equilibrium problem (3.1) permits us, at least conceptually, to duplicate the network, as indicated in the previous section, so that each arc carries the flow for a single O-D pair. 
2).
Neither of the previous two propositions is valid if either the assumption that each demand function Di. (u) is nonnegative or the assumption that each delay function T (h) is positive is eliminated. P See Aashtiani [2] for examples.
Existence
Rather extensive theory (see, for example, Karamardian [31] and Kojima [33] ) provides necessary conditions that assure the existence of a solution to the nonlinear complementarity problem. Unfortunately, most of the conditions are too strong to be applied directly to the traffic equilibrium problem. To illustrate this situation and at the same time introduce concepts that will be useful in section 6 when we discuss uniqueness of solutions, we introduce a prototype of this theory by considering results due to Karamardian. First, we require some definitions. Notice that for traffic equilibrium problems, these theorems To establish this result we use a well-known [50] transformation that permits us to convert the nonlinear complementarity problem and, in particular, the nonlinear complementarity version (4.2) of the traffic equilibrium problem into a Brouwer fixed point problem. Let This equivalence shows that we can, in principle, study any nonlinear complementarity problem by invoking fixed point theory. Note that we cannot use Brouwer's fixed point theorem directly, though, because the mapping (x) defined on R need not map any compact set into itself. Consequently, we will restrict the domain of ~ to some large cube C. To apply the theorem, we must be assured that p maps C into itself, which we accomplish by redefining (x) for any x C if it lies outside of C by projecting (x) onto C. By Brouwer's fixed point theorem the modified map ' has a fixed point. We must show that it has no false fixed points, though; that is, no point x contained on the boundary of C with the property that (x) C but the projection '(x) of ¢(x) on C satisfies '(x) = x . The essence of the following equilibrium proof is that ' as derived from the complementarity version (4.2)
of the traffic equilibrium problem admits no false fixed points. Asmuth [6] has suggested what appears to be a stronger version of These functions satisfy the hypothesis of Theorem 5.4 and so they are guaranteed to have a complementarity (or equilibrium) solution (h',u').
But then (h ,u) = (h ' + e) is a complementarity (equilibrium) solution for T and D.. In this section, we show that these observations apply to the additive version (3.1) and (3.2) of the general traffic equilibrium model as well. We first recall conditions due to Asmuth [6] that insure that link flows and shortest travel times are both unique. We then show that imposing weaker conditions will still imply that shortest travel times are unique.
To facilitate our discussion in this section, we represent the Then the traffic-equilibrium problem can be written as:
Now let x = (h,u) and let F(x): R+ -R be defined as in section 4
as F(x) = (A t (Ah) -u,r Th -D(u)). Then (4.1) is the nonlinear complementarity version (4.2) of (6.1).
Whenever F(x) is strictly monotone, the solution to the general nonlinear complementarity problem (4.1) is unique (see Theorem 5.2)
Asmuth [6] has extended this result to establish the following uniqueness result, which we state without proof. Observe the distinction between the hypothesis of this theorem and the assumption that F(x) is strictly monotone. The theorem requires that the vector t of volume delay functions be strictly monotone in terms of arc volumes v whereas the latter assumption requires strict monotonocity in terms of path flows h. As we have noted earlier, the path flows need not be unique since two collections of path flows might correspond to the same arc flows.
Note that to insure the uniqueness of (v,u), Suppose that x = (h ,u ) and x = (h ,u ), x % x , are two 
